Abstract This paper presents a new method for the semi-active control of the span system of linear guideways subjected to a travelling load. Two elastic beams are coupled by a set of controlled dampers. The relative velocity of the spans provides an opportunity for efficient control via semi-active suspension. The magnitude of the moving force is assumed to be constant by neglecting inertial forces. The response of the system is solved in modal space. The full analytical solution is based on the power series method and can be given over an arbitrary time interval. The control strategy is formulated by using bilinear optimal control theory. As a result, bang-bang controls are taken into account. The final solution is obtained as a numerical mean value. Several examples demonstrate the efficiency of the proposed method. The controlled system outperforms passive solutions over a wide range. Due to the simplicity of its design, the presented solution should be interesting to engineers.
laser, textile, waterjet, glass cutting) or bonding (glueing, welding, soldering). Other areas of application especially suited to linear guideway systems are large format plotters and scanners for various industries as well as devices in the medical and semiconductor technologies. New solutions can accelerate procedures and decrease the mass and size of guideways supporting carriages.
In large-scale engineering structures like bridges or viaducts that span wide openings, beams must resist the loads due to heavy and fast vehicles. The construction of new bridges of sufficiently higher load-carrying capacity is usually limited by costs. Moreover, static strengthening can be restricted for technological reasons.
In the last decades, semi-active control methods have proven to be attractive solutions for both small and large-scale structures. Low in power consumption, controlled externally magneto or electro-rheological dampers can efficiently reduce undesired vibrations, enable a system to follow desired trajectories or increase its stability. Semi-active strategies are usually based on sky-hook and ground-hook concepts [1] . In structural control, these methods are used for the active suspension of a moving oscillator in [2, 3] . In some recent papers, variable dampers are incorporated for seismic isolation, for example in [4, 5] . A theoretical approach to the problem of controlled beam vibration damping, based on the method of optimal Lyapunov functions, is presented in [6] . In [7] , the authors propose to control both parameters: stiffness and damping. The control function leads to maximum dissipation of energy. Generally, a reduction of amplitude needs to be achieved. The problem of reducing the beam vibrations using active control methods is also widely considered in the literature [8] . An actively constrained layer is applied in [9] . A beam subjected to a harmonic load was also controlled by an active method in [10] . An analysis in the frequency domain allowed the authors to reduce the maximum amplitudes. An actively controlled string system was considered in [11] . The other interesting results in structural control are presented in [12] [13] [14] . Active methods are in general more effective than semi-active ones, but the power consumption of the latter is significantly lower.
Most of the active and semi-active methods that have been developed lead to feedback controls determined by state-space measures. In the case of a continuous system, such an approach is typically complex due to observer design. The alternative method is pre-computed open loop control. This is particularly useful in problems with a well-defined excitation. In linear mechanical systems, semi-active control methods usually result in switching operations, where the parameters to be controlled (damping, stiffness) are switched between two or more values. The switching conditions are based on state or time events. Optimally switched linear systems are considered in a paper [15] . Typically, the optimal switching pattern results in a large number of switching events. If an error occurs and the switching pattern is shifted in the time domain, then such a complicated control may immediately drive the system to an undesired or even unstable state. The aim of the approach presented in this paper is to design an effective and safe switching method with reduced number of switching events.
The idea of straight-line passage is based on the principle of a two-sided lever. The first part of the beam, which is subjected to a moving load, is supported by an active damper placed on the rigid base (Fig. 1a) . The first damper is active while the v m P m v P (a) (b) Fig. 1 Structure supported by active dampers [17] second is passive. At this stage, part of the beam is turned about its center of gravity, levering the right-hand part with a passive damper attached. The temporal increment of displacements on the right-hand part of the beam enables us to exploit it during the second stage of the passage (Fig. 2 ).
Technical difficulties with the rigid support of the lower parts of our dampers require new, more practical solutions. Dampers are supported with an elastic string or bar system (Fig. 1b) . However, the elastic support reduces the efficiency of performance and also involves technological problems.
In this paper, we propose a new, significantly more efficient idea, presented in Fig. 3 . The main, stiff, simply-supported beam is covered by a supplementary beam, joined to the main beam by a set of controlled dampers. This upper beam can be considered to be simply supported as well, since this type of boundary condition can be implemented in a natural way. We assume that this upper beam is significantly less rigid than the main lower beam. We must emphasize here that the desired dynamic Fig. 2 The idea of semi-active control Fig. 3 The new idea of semi-active control of coupled beams effect is obtained from the relative velocity between lower and upper beams. Let us consider the second stage of the motion depicted in Fig. 3 . The upper beam when subjected to a force P is deflected. At the same time, the velocity of the lower beam levers the joining damper and effectively supports the upper beam. The dynamic response of a double-beam system traversed by a constant moving load is studied in [16] . The authors explore the effects of the moving speed of the load and of the damping and stiffness of the viscoelastic layer on the deflections of the beams.
An early version of this approach was presented in [17] . The span was supported by a set of dampers placed on the rigid base. Open loop control of damping parameters allowed us to actively reduce the deflection of a string or beam supporting the travelling load. The control of beam vibrations exhibited a significantly higher control efficiency than in the case of a string.
The novelty of this approach is a modification of the main structure of the span carrying the load by a supplementary, relatively soft beam, joined to the main structure by controlled viscous elements (Fig. 4) . Such a modification does not require a rigid base and can be easily incorporated into existing guideways. The relative velocity of the lower and upper beams enables us to design an efficient control for straight line passage. The paper is organized as follows. In Section 2, the mathematical model of the problem under consideration is given. In Section 3, the control problem is formulated and a sub-optimal solution is proposed. In Section 4, the results of numerical simulations are provided to verify the proposed method.
Equations of Motion
We consider the system shown in Fig. 5 . The Bernoulli-Euler beams are simply supported and coupled by a set of control dampers. The lower beam is rigid and is considered to be the main span while the upper beam is added to increase the total load carrying capacity and is relatively soft. The magnitude of the moving force is taken as constant by neglecting the inertial forces. This is under the assumption that the mass accompanying the travelling load is small compared to the mass of the beam. The action of the massless dampers is proportional to the relative velocities of displacement at given points.
For such a system, we can write the equations of motion as follows:
together with boundary and initial conditions:
Here, w 1 (x, t) and w 2 (x, t) are the transverse deflections of the beams at point (x, t), u i (t) is the i-th damping coefficient as a function of time, a i is the i-th fixed point of a damper, m is the number of viscous supports, μ 1 and μ 2 are constant mass densities per unit length, EI 1 and EI 2 are the beam bending stiffnesses, P is the concentrated For the control design presented in the next section, it is convenient to transform the equations of motion given in PDE form (Eq. 1) into a system of ODEs. For this purpose, we apply Fourier expansions to w 1 (x, t) and w 2 (x, t) as follows:
Here, sin jπ x l =: θ j (x) are eigenfunctions which respect the boundary conditions (Eq. 2) and V 1 ( j, t), V 2 ( j, t) are functions to be determined. The pairs w 1 (x, t), V 1 ( j, t) and w 2 (x, t), V 2 ( j, t) satisfy the relations:
Inserting Eqs. 3 into 1, we obtain:
Next, each term of Eq. 5 is multiplied by sin kπ x l =: θ k (x) and then integrated with respect to x over the interval [0, l] . This yields:
Equations 6 are fulfilled for k = 1,2,... The eigenfunctions θ j (x), θ k (x) satisfy the orthogonality conditions:
where δ j,k is the Kronecker delta. The terms where the Dirac delta is incorporated are computed below:
Thus, Eq. 6 can be written as:
Finally we write PDE (Eq. 1) as a system of ODEs:
Furthermore, we consider only approximate solutions of Eqs. 1, 2 by using a finitedimensional modal space i.e. j, k = 1, 2, ..., M < ∞.
Formulation of Control Problem
The control method presented in this paper is based on the classical Pontryagin Maximum Principle [18] . We consider the optimal control problem where 
subject toẏ(t) = A y(t)
Here, A, B i=1,2,...,m ∈ R n×n are constant matrices and f(t) ∈ R n is an excitation vector. The cost integrand (Eq. 11) is defined in such a way that its value is related to the total deflection of the travelling load trajectory. Searching for the minimum of J is equivalent to pursuing the straightest line motion of the carriage over the guideway.
Equation 12 represents a non-autonomous bilinear system (BLS) that involves the product of state and control. Due to its numerous engineering applications, the optimal control of BLS is widely studied in the literature [19, 20] . Introducing a new state variableẏ n+1 (t) = 1, y n+1 (0) = 0 and rebuilding A −→Ã, B i −→B i (i = 1, 2, ..., m), f(t) −→f(y) in such a way they respect a new variable, we replace Eqs. 11-14 with the autonomous optimal control problem and the Maximum Principle can be applied directly. The Hamiltonian function is given by
where the vector η(t) ∈ R n+1 is the adjoint variable. The adjoint differential equation and transversality conditions are as follows:
The Hamiltonian (Eq. 15) takes a maximum value when the controls equal:
Hence, the optimal controls are bang-bang type controls. This result was predicted by means of numerical simulation in the former work of the authors [17] . Unfortunately, the solution of Eq. 17 is given in implicit form. Since a multidimensional problem is considered, only appropriate numerical methods are relevant. The fundamental idea behind these methods lies in transforming the optimal problem in such a way that the switching times of the assumed control are considered to be new parameters. The cost functional is optimised with respect to these values. So, in fact, the optimal control problem becomes a nonlinear programming problem, where non-gradient optimisation methods can be applied. According to this approach, we assume one switching action for every control. The proposed strategy comes from numerous simulations and its basic idea is shown in Fig. 3 . The dampers placed on the left-hand side are first set on, then after a certain time they are switched into the of f state. The situation for the rest of the dampers is reversed. Formally, this can be written as follows:
where τ i is the switching time of the i-th damper and U(t) is a unit step function. The position of the damper with index m can be assumed after preliminary numerical simulations. The optimal switching times are the solutions of the problem:
where y(t) is the resulting trajectory under controls (Eq. 18).
To obtain the trajectories y(t) (used in the non-gradient optimising method), we propose the solution of the system of ODEs (Eq. 10) by using power expansions for V 1 (k, t) and V 2 (k, t) calculated in the time domain split into intervals that are bounded by every pair of switching events:
Here,τ is first equal to zero, and thenτ ∈ (0, t f ] are the times of successive switching events. The time marching scheme allows us to proceed to successive layers with initial conditions taken from the end of previous stages. Substitution of Eqs. 20 into 10, after some simple algebraic transformations, yields the system of recurrence equations for sequences d n (1, k) and d n (2, k):
where the following notation is introduced:
The controls u i (t) are constant in every time interval as stated in Eq. 18. The first few terms of the sequences appear directly as initial conditions
The convergence of series (Eq. 20) is studied in [17] . There, the full derivation of Eqs. 21, 22 is also shown.
Numerical Results
In this section, the efficiency of the designed control method is verified by means of numerical simulations. Comparisons with uncontrolled cases are presented and discussed for a wide range of velocities of the moving load. Three cases are evaluated for different numbers of active dampers. We consider the system shown in 
In every case, we set the value u max = 5 · 10 4 Ns/m. For optimization, we use the Hooke-Jeeves Direct Search Method [21] . In the computations, we consider at least three different starting points with three reducing step size schemes for each case. 10 modes and 40 terms in the power series were taken into account in computations. Optimal switching time vectors and related cost values are summarized in Tables 1, 2, 3 . By the passive case, we mean a constant damping u i (t) = u max , ∀t ∈ [0, t f ]. By w(vt, t) in the following figures we denote the transverse deflection under the moving load.
The best efficiency of the proposed strategy, measured as the fraction of cost values, active/passive, is obtained in the cases where EI 1 = EI 2 /20. In case of four active dampers, for the carriage travelling at high speed v = 0.5c cr , v = 0.9c cr the maximum deflection was reduced by a factor of almost two (Fig. 6 ) and three (Fig. 7) , respectively. The latter trajectory is almost flat for more than half of the travel time. For carriage movement at low speed, the dynamic effects are observed to be weak and the controls cannot change the process efficiently.
For a lower number of active dampers, we observe an increasing deflection near the position of the absent damper (Fig. 8) . To provide a flat trajectory in the second stage of the passage, at least two active dampers have to be placed on the right-hand part of the beam to support the travelling load (Fig. 9) . Table 4 . The comparison of passive cases are presented in Fig. 10 . There is no control action on the third mode in the second case (see Eq. 10). It seems intuitive that the best control capability is achieved when sin kπai l = 0 for the first few modes i.e. k = 1, 2, 3. However, in some cases the better effect could be obtained by letting a certain mode to stay out of the suspension to increase its velocity. Then it might beneficially affect other modes by the higher rate of damping force. The complete analysis how the placement of dampers affects the control efficiency needs further detailed study. Its high complication rate is associated with conjugate structure of ODEs that describe the physical system. More extensive investigation is addressed in future works.
To show how the proposed system corresponds to a simple guideway, represented by a traditional single-beam span, we compare the trajectories of a carriage travelling along the controlled system and along a single beam with increased bending stiffness EI 2 , 2 · EI 2 , 4 · EI 2 , 8 · EI 2 (Fig. 11) . In this case, we obtain a relatively flat trajectory if we increase the stiffness parameter by more than eight times. At the same time, it requires an increased mass for the guideway and directly affects the static deflection curve. 
Conclusions
In this paper, a semi-active control method for linear guideways has been presented. This work is an extension of an earlier approach proposed by the authors in paper [17] . The new idea of a semi-active double beam system does not require the presence of a rigid base. The performance of a bang-bang control method has been verified for different system parameters and different number of active dampers. The placement of dampers significantly affects the shape of the carriage trajectory. The best efficiency of the proposed control method is obtained at high travel speeds. The controlled system can efficiently reduce the mass of the guideway. The control strategy is simple for a practical design. It can be implemented by creating an optimal control map in the memory of the controller. Integration of a neural network with the system will be addressed in future works.
